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Computation of Turbulent Reacting Flow in a Solid-Propellant
Ducted Rocket
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National Cheng Kung University, Tainan, Taiwan 701, Republic of China

A mathematical model for computation of turbulent reacting flows is developed under general curvilinear
coordinate systems. An adaptive, streamline grid system is generated to deal with the complex flow structures
in a multiple-inlet solid-propellant ducted rocket (SDR) combustor. General tensor representations of the k-t
and algebraic stress (ASM) turbulence models are derived in terms of contravariant velocity components, and
modification caused by the effects of compressible turbulence is also included in the modeling. The clipped
Gaussian probability density function is incorporated in the combustion model to account for fluctuations of
properties. Validation of the above modeling is first examined by studying mixing and reacting characteristics
in a confined coaxial-jet problem. This is followed by study of nonreacting and reacting SDR combustor flows.
The results show that Gibson and Launder's ASM incorporated with Sarkar's modification for compressible
turbulence effects based on the general curvilinear coordinate systems yields the most satisfactory prediction
for this complicated SDR flowfield.
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Nomenclature
constants in Eq. (11)
isobaric specific heat
constants in ASM
constants in the k-s model
contravariant base vector with unit
length
mixture fraction
production term in Eq. (11)
production rate of turbulent kinetic
energy defined in Eqs. (5) and (8)
variance of mixture fraction
metric tensor
Jacobian
turbulent kinetic energy
mean pressure
production rate of turbulent kinetic
energy for unit mass
stoichiometric air-fuel mass ratio
source term in Eq. (13)
temperature
mean Cartesian velocity components
mean contravariant velocity components
mean physical contravariant velocity
components
mean velocity vector
fluctuation of mean contravariant
velocities
fluctuation of mean Cartesian velocities
Cartesian coordinate
general curvilinear coordinate
mass fraction of species /
Christoffel symbol of second kind
effective exchange coefficient in
Eq. (13)
turbulence energy dissipation rate
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Superscript

= viscosity
= density
= stress tensor excluding pressure term
= flow variable in Eq. (13)

properties of air feed
sum of laminar and turbulent parts
properties of fuel feed
properties of fuel
properties of inert species
stoichiometric values
turbulent part
properties of oxidant

= time-mean quantities

Introduction

R ESEARCH of solid-propellant ducted rockets (SDR)
has received a great deal of attention in the modern

development of propulsion systems. In comparison with solid-
fuel ramjets and liquid-fuel ramjets, SDR has several advan-
tages, such as simplicity in fuel management, throttle ability
of fuel flow rates, minimum problems in terms of flamma-
bility, etc. In a typical SDR combustor module, airstreams
enter the combustor chamber through multiple side inlets,
and the fuel-gas streams are injected from the head-end dome
plate. The complicated turbulent flow in the SDR combustor
can be regarded as a combination of a number of flow char-
acteristics, including free jets, jet-to-jet impingement, reat-
tachments, recirculations, and boundary-layer flows. The in-
teraction of these flow characteristics contributes to the
turbulent mixing and the reacting processes in the SDR com-
bustor. It is important to conduct basic research on these
complicated interaction phenomena in order to better utilize
and design SDR systems.

In experimental investigations, Schadow1-2 studied the ig-
nition problem of various fuels used in the SDR, including
nonmetalized and boron particle-laden propellants. Schadow
concluded that high efficiency could be obtained if the gas-
phase combustion can be initiated near the fuel injection noz-
zle. Zetterstrom et al.3-4 conducted combustion tests with both
propane fuel and a solid propellant, and found that the com-
bustion behavior associated with these two fuels is quite sim-
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ilar. Flow visualizations were conducted by Stull et al.5 and
Nosseir and Behar.6 Liou and Wu7 applied the LDV system
to measure mean velocities and turbulence quantities in an
isothermal dual-inlet, side-dump combustor. To further study
the flow patterns in SDR, Chuang8 applied both LDV mea-
surements and schlieren flow visualizations to observe the
isothermal and reacting SDR flowfields.

In contrast to experimental investigations, analytical tools
now available for design optimization and performance pre-
diction of SDR are still far from satisfactory. Direct numerical
simulation with three-dimensional time-dependent partial dif-
ferential equations is time consuming, and perhaps one might
say, formidable. Current models applied to computations of
SDR flows are restricted to Cartesian or cylindrical coordi-
nates. 9~u The adequacy of grid arrangement and the induced
numerical diffusion error in this complicated flowfield require
further evaluation. Body-fitted coordinate systems have been
widely used for predicting flows with complex geometries.
However, for flow characteristics induced mainly by the in-
teraction of flows themselves rather than by complex bound-
ary geometries, the body-fitted coordinate system may pro-
duce grid lines that are skewed with respect to flow directions.
As for turbulence modeling, most researchers9-10 apply the
k-s model to evaluate turbulent stresses. Liou and Hwang11

noticed anisotropic turbulence characteristics in the actual
SDR flows and adopted an algebraic stress model for flow-
field prediction. For the SDR operation, the additional effects
of compressible turbulence (which may result from high-speed
flow interaction due to sonic fuel gas injection and side inlets
or chemical reactions), have not been included in SDR flow
computations. The suitability of the incompressible version
of turbulence models for SDR flow computations is open to
question.

Combustion modeling poses another difficulty. Because
complete chemical kinetics are very complicated for many
practical fuels, researchers often simplify the chemical reac-
tion steps. Some investigations12-13 indicated that the mixing
controlled assumption is satisfactory for engineering pur-
poses. In the case of high Reynolds number flows, the pres-
ence of turbulence helps to enhance the mixing of fuels with
the oxidizer, thus promoting combustion efficiency. The heat
release during the combustion process in turn changes the
density and turbulent structure of the flowfield. Chen and
Taoy adopted a simplified scheme that assumes an infinitely
fast one-step global reaction. Cherng et al.10 further investi-
gated the combustion process by assuming two-step, chemical
kinetics with a modified eddy break-up model in both two-
and three-dimensional SDR model combustors. Since the ac-
tual turbulence-chemistry interaction is still not well under-
stood, the fluctuations of properties are generally solved by
assuming the shape of the probability density function (PDF).
SpaldingV4 choice of a periodic form of PDF for the fluc-
tuations of mixture fraction makes it possible to calculate
mean values of species concentration, temperature, density,
and other fluid properties. In general, results obtained in the
prediction of concentration fields were good even though un-
realistic peaks were observed in the temperature profiles. For
more realistic fluctuation modes, a triangular waveform and
a beta function distribution were proposed by Naguib15 and
Richardson et al.,16 respectively. It was found that the un-
realistic temperature peaks no longer exist with these PDF
shapes. Since much experimental evidence17-18 suggests that
the turbulence fluctuations of properties are essentially ran-
dom in character, Naguib15 assumed the PDF to be a clipped
Gaussian distribution bounded by two delta functions. This
model, used by Elghobashi19 and Khalil,20 obtained better
results.

In view of the deficiencies in previous research in the sim-
ulation of the complicated SDR flow, further investigation of
the anisotropic turbulence model based on a streamline adap-
tive grid system is performed in this work. To better predict

the turbulent reacting SDR flowfield, modification due to the
effects of compressible turbulence and incorporation of clipped
Gaussian PDF accounting for property fluctuations are in-
cluded in this prediction.

Theoretical Formulation
In order to facilitate the mathematical analysis of the com-

plicated turbulent reacting SDR flow, several assumptions are
made. The flow is assumed to be steady, with negligible body
force and radiative heat transfer. The combustion is assumed
to be infinitely fast and to have a global one-step with a unity
Lewis number. Adiabatic solid wall boundaries are also as-
sumed.

Based on the general curvilinear coordinates, mean flow
properties are governed by the Navier-Stokes equation with
Reynolds-averaging. To close the momentum equations, the
Reynolds stress is formulated through turbulence modeling.
Both the k-s and algebraic stress models are adopted in this
work.

k-£ Model
In the k-e two-equation model, the Reynolds stress is linked

to the strain rate of the mean flowfield through Boussinesq's
eddy viscosity concept. The expression of Reynolds stress in
terms of contravariant velocity components is

dUJ

7^«w) pk

where

(1)

(2)

And the transport of k and e are governed by the following
two equations, respectively:

V-(pUk) -

V-(pUs) - V-(F e

= Gk - pe (3)

,Gk - C2ps)(s/k) (4)

The term Gk in Eqs. (3) and (4) denotes the production rate
of turbulent kinetic energy resulting from interaction of the
Reynolds stress and the gradient of the mean flowfield, i.e.,

Gk = .: VU (5)

Algebraic Stress Model (ASM)
In contrast to the isotropic turbulence character in the k-s

modeling, the Reynolds stress is solved directly in the alge-
braic stress modeling. Rodi's approximation21 is used here;
i.e., the local value of u'uj/k is assumed to be spatially in-
variant, or its gradient is assumed to be very small. Under
this approximation, the transport of Reynolds stress is pro-
portional to that of turbulent kinetic energy. Thus, the Reyn-
olds stress transport equation can be reduced to an algebraic
form. In the general curvilinear coordinate system, Reynolds
stress is expressed as

(6)

where

I - Cr2
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Pk indicates the production rate of turbulent kinetic energy
per unit mass, i.e.,

= Gklp (7)

Gk is the source term of the ^-equation, and can be calculated
by

G, = f,.ASM: VI7 (8)

Since the expression of Reynolds stress in the ASM is es-
sentially a point function, not directly related to the surround-
ing nodes, the numerical calculation may suffer from insta-
bility problems. It is helpful to maintain the convective-diffusive
nature of momentum equations as is done in formulation by
the k-e modeling. An artificial diffusion term V-(f e f f J t_ e) is
introduced into the momentum equations as

V-(pUU) = - V-(fe f t , _
(9)

In the calculation, V-( f e f f ^_ F ) is treated as a diffusion term
and V-(f c f f ASM — f e f f y t_J is treated as a source term. Note
that the expression of the momentum equations reduces to
the form in the k-e modeling if the source term diminishes.
This treatment of momentum equations with the inclusion of
the terms of the k-e model lessens the instability in the cal-
culation with the ASM significantly.

Turbulent Combustion Modeling
In a two-feed system, with the assumption of equal trans-

port coefficients for reactants and products, the instantaneous
species mass fraction can be expressed in terms of explicit
functions of the mixture fraction. The mixture fraction / is
defined by

- Y0/r) - (Yf -
(Yf - - (Yf - Yu/r)A

(10)

where (Yf - Y()lr) is the selected Shvab-Zeldovich coupling
function.

For turbulent flows with mixing processes, the existence of
turbulence results in significant fluctuations of properties, and
special closure methods are needed. The conservation form
of the mean mixture-fraction transport equation can be ob-
tained with Reynolds averaging, and the transport equation
of the variance of mixture fraction g is expressed as

= cglcg - c^sik) (ii)
G^ is modeled with the eddy-where the production term

viscosity concept as

GK = M, (12)

For an adiabatic system with unity Lewis number, the equa-
tion and the boundary conditions of the total enthalpy are
identical to those of the mixture fraction. Therefore, it is
necessary only to solve the mixture fraction. Instantaneous
temperature can be expressed as an implicit function of the
mixture fraction through the specific heat relation Cpf(T).
Instantaneous density of mixture gas can be calculated from
the instantaneous form of the perfect gas law in terms of the
mixture fraction for a given pressure. Mean values of these
passive scalars are calculated through a presumed shape of
the probability density function of the mixture fraction.

Two kinds of PDF are tested in this work. One is the double-
Delta function PDF14 which assumes rectangular-wave vari-
ations, and the other is the clipped Gaussian distribution PDF,15

which assumes basically random fluctuations. The parameters
in these presumed forms of PDF are determined by the mean

and variance of the mixture fraction. Correspondence tables
are constructed in advance to facilitate the searching algo-
rithm during actual flow computations for calculation of the
two parameters of clipped Gaussian PDF, the most probable
value, and the standard deviation.

Representation of Transport Equations in General Tensor Form
As is the case with the above turbulence and combustion

models, the transport equations of flow properties can be
represented by a common form:

(13)

The dependent variables </> and the corresponding source terms
£4, for k-e modeling are given in Table 1, and for ASM in
Table 2. It is noted that all the velocity components formu-
lated in the source terms are contravariant components U'.
The physical contravariant velocities U(i) in the momentum
equations defined below are chosen as dependent variables
for ease of understanding their physical meaning:

U(i) = ef-U = c/VVg77 (14)

The advantage in the present formulas of considering phys-
ical contravariant velocities as dependent variables (along with
the consistency of all the velocity-related terms, including the
convection and the source terms) eliminates the need for ad-
ditional computation. Likewise, the expression of wall func-
tion derived by Chao and Liu22 in terms of contravariant
velocity components is adopted for calculation of the near-
wall region. Application of contravariant velocity components
in the nonuniform streamline grid system has been shown to
be satisfactory by Chao and Liu22 for cases of laminar and
turbulent backward-step flows and turbulent jet in-cross flow.

Boundary Conditions
Properties of the near-wall regions are resolved by the law-

of-the wall.22-23 Zero-gradient condition is used at the sym-
metry axis for all dependent variables except the turbulent
shear stress, which is designated as zero. The outlet position
of the computational domain is set far enough to achieve a
fully developed flow characteristic, and the zero-gradient con-

Table 1 Source terms of governing equations for k-e model

1 d

dU(i)

k
s
f

- CDpe)
G, - C2ps)(s/k)

.G> - Cg2pg(e/k)]

Note: dependent variables for momentum equations are physical contravariant
velocities.
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Table 2 Source terms of governing equations for ASM

,
ôx*

I WTcff,ASM

E

f
, - Cg2pg(e/k)]

Note: dependent variables for momentum equations are physical contravariant
velocities.

dition is used for all dependent variables. In addition, a com-
pensation strategy is applied to the axial velocity component
to ensure mass conservation. Boundary conditions for inlets
are prescribed according to experimental data.

Numerical Techniques
Transport equations in the form of Eq. (13) are discretized

on the computational domain by the finite-volume method.
A staggered grid system is employed. Although it is consid-
ered straightforward to use high-order difference schemes to
reduce the truncation error, Shyy et al.24 suggested that the
effect of high-order schemes should be re-examined in the
context of general coordinates. Calculations by Shyy et al.24

with the hybrid, QUICK, and the second-order upwind dif-
ference schemes in a body-fitted coordinate system showed
that the hybrid scheme yields the smallest mass residual of
the three. Shyy et al.24 also concluded that the choice of
schemes is less important than the choice of the grid distri-
bution. Therefore, the hybrid difference scheme is used in
this work because of its superior stability in the curvilinear
coordinates. To decouple the pressure-velocity relation in the
momentum equations, the SIMPLEC algorithm25 is adopted,
with some modification for application in curvilinear coor-
dinates. The coefficient matrix of the discretized system in
the original pressure correction equation, which has a nine-
point relationship when the Cartesian or the contravariant
velocity components are chosen as the dependent varia-
bles,2426 becomes nondiagonally dominant and unstable. The
stability problem can be removed by dropping the terms of
cross-derivatives for pressure correction24-26 in the velocity
correction formulation. This approximation results in a five-
point relationship for pressure correction that allows use of
the iterative procedure. The SIMPLEC algorithm was also
applied in a previous paper by Chao and Liu22 in the curvi-
linear coordinates in terms of contravariant velocities for sim-
ilar flow characteristics of turbulent back-step and jet in-cross
flows. The convergence criterion is defined such that the max-
imum total normalized residual among all the discretized

equations is less than 10 ~3 for the nonreacting flow case and
10~4 for the reacting flow case.

As discussed previously, one of the reasons for involving
the curvilinear coordinate system as the basis of the present
theoretical model is to reduce numerical errors caused by
misalignment of the grid line with respect to flow streamline.
The streamline adaptive grid method proposed by Chao and
Liu22 is adopted in this work.

To apply the streamline adaptive grid generation, a flow
pattern predicted by a Cartesian grid system should be ob-
tained in advance in order for generation of the stream func-
tion field to be performed. In the flowfield, the cross section
with the most violent variation of flow properties is selected
for grid generation, using the equidistribution scheme.27 The
degree of grid clustering is determined according to the var-
iation of chosen flow properties with respect to a prescribed
weighting function. The stream-function data is stored after
grid generation for the corresponding new grids, and the new
grids that correspond to the stored stream-function data at
each axial grid line are found by interpolation. The new grids,
each of which corresponds to stream-function data, form a
streamline grid distribution. However, if there is a recircu-
lation zone in the flowfield, there will be problems due to the
closed-streamline pattern. The problems can be overcome by
choosing two "dividing" streamlines to enclose the recircu-
lation region and by assigning each grid a "pseudo" stream
function via an equipartition process inside these two stream-
lines.

Results and Discussion
Computation of turbulent combustion in a cylindrical fur-

nace is performed first to assess the theoretical analysis and
numerical methods addressed previously. Following that, the
turbulent nonreacting and reacting flowfields in an SDR com-
bustor are studied.

Turbulent Combustion in a Cylindrical Furnace
Confined coaxial jets in a cylindrical furnace are studied

here to evaluate the above theoretical formula. The cylindrical
furnace used by Lockwood et al.,28 which consists of coaxial
jets and a sudden wall expansion, is adopted in the present
study. Mixture fraction data were measured28 at a number of
axial locations for flow conditions at the Reynolds number of
1.603 x 104 and the fuel-air ratio of 0.0635. Computations
for this test case are made using a 40 x 30 Cartesian grid
system that clusters grids near walls and in regions inside the
flame. Inlet boundary conditions are set to be uniform. Cal-
culations with both the k-e model and ASM are implemented.
Model constants used in the s equation are Cl = 1.45, C2 =
2 proposed by Hanjalic and Launder,29 and the model con-
stants used in the ASM, Crl = 1.5, Cr2 = 0.6, proposed by
Launder et al.30

Results of calculations with the k-s model are addressed
first. Measurements of mixture fraction28 and calculations
without PDF and with the double-Delta function PDF are
shown in Figs, la, Ib, and Ic, respectively. Results from
predictions using the clipped Gaussian PDF are not presented
because there are no significant differences between them and
the double-Delta function PDF. In this figure, the location
of the contour / = 0.087 corresponds to the stoichiometric
flame sheet location. The measured flame length is about 700
mm, and the predictions with and without PDF are 600 and
1000 mm, respectively. Simulation with PDF in the calculation
leads to a faster decay of turbulent flame length. Figure 2
shows the predicted temperature distributions along the cen-
terline. An unrealistic peak is observed in the result of the
double-Delta function PDF prediction. This phenomenon is
believed to come from oversimplification of the property fluc-
tuation in the double-Delta PDF. The unrealistic temperature
peak can be removed by using the clipped Gaussian PDF.
These results indicate that prediction of the mixture fraction
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is not significantly influenced by the presumed shape of PDFs,
but the temperature is.

To account for the anisotropic turbulence feature, calcu-
lations are performed using the algebraic stress model. Com-
parison of the predictions of mixture fraction by the ASM
and the k-s model is shown in Figs. 3a and 3b. Both models
have been combined with the clipped Gaussian PDF to include
the effects of property fluctuations in the predictions. The
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Fig. 3 Comparisons between predicted mixture fraction by different
turbulence models and measured data27: a) distribution along center-
line of furnace and b) radial distribution at different cross sections.

predictions of mixture fraction by the ASM match experi-
ments much more closely than do those with the k-e model
along both axial and radial directions. This appears to be the
result of a more accurate representation of the anisotropic
turbulence in turbulent reacting flows.

In general, the present calculations of turbulent reacting
flow in a cylindrical furnace are satisfactory with respect to
actual experimental data. The importance of including a con-
tinuous form of the clipped Gaussian PDF and the anisotropic
turbulent characteristic is delineated in this test problem.

Turbulent Mixing in an SDR Combustor (Nonreacting Flow Case)
Simulation of turbulent mixing processes in a laboratory

SDR combustor8 is performed with no chemical reaction. In
the experiments,8 the two-dimensional SDR combustor com-
prised the main chamber, the fuel-injector nozzles, and the
ram-air inlets, as shown in Fig. 4. Fuel-rich gases present in
a practical SDR gas generator were simulated by cold air.
Operating conditions were controlled so that the fuel nozzles
were always choked, and the combustor was operated at a
pressure of about 1 atm. The flow conditions at the fuel-
injector nozzles were UF = 313 m/s, VF = 0, PF = 1.7 atm,
and TF = 245 K. High-speed ram air was introduced into the
main chamber at an inclined angle, with flow conditions of
UA = 122 m/s, VA = -103 m/s, PA = 1.24 atm, and TA =
273 K. The measured velocity data at different cross sections
is adopted for comparison with the results of present simu-
lations.

Due to its symmetric geometry, only the upper-half plane
of the combustor is selected as the computational domain.
Computations with the inclusion of the clipped Gaussian PDF
for thermodynamic-property fluctuations are performed in the
Cartesian grid system. The transverse grid lines are clustered
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Schematic of an SDR module combustor.

near the fuel-injector nozzle, the centerline, and the wall. All
calculations addressed below are performed based on a 40 x
40 grid system, and the grid effect is justified by calculations
based on the more dense grid systems presented later in this
section.

Calculations with k-s modeling show three recirculation
zones which appear in Fig. 5a. Two stronger recirculations
exist in the dome region, and one weaker one immediately
downstream of the ram air slot. Due to the expansion pro-
cesses through the fuel injector and the air slot, the two re-
circulations in the dome region are strong, each containing
more than 30% of total mass flow rates. The third recircu-
lation immediately downstream of the ram air slot is caused
by reattachment of the ram air jet to the combustor wall.
Figure 5b shows the low-pressure regions corresponding to
the recirculation zones. The mixture fraction field is similar
to the temperature field, as shown in Figs. 5c and 5d. This is
not surprising, because the specific heat is almost linear to
the temperature in this cold flow case, and both the governing
equations and boundary conditions for the specific heat and
mixture fraction are identical. Figure 5c shows that the most
violent mixing occurs slightly upstream of the ram air inlet,
due to the strong interaction between the fuel and the air
jets. It is also apparent from Fig. 5e that large density vari-
ations are associated only with the corner recirculation zone,
indicating that the fuel and air streams are mainly mixed in
this region.

Enhancement of Predictions — ASM
Since the flowfield inside the SDR combustor involves mix-

ing of high-speed streams and is characterized by multirecir-
culation zones, the turbulence structure is presumed to be
highly inhomogeneous and anisotropic. Calculations with al-
gebraic stress models are performed, and the predicted ve-
locity profiles are compared at different cross sections with
measurements8 and previous results obtained through the
k-s model. For the ASM calculation, two sets of the ASM
model constants are tested: Crl = 2.2 and Cr2 = 0.7, and Crl
= 1.8 and Cr2 = 0.6. The former was proposed by Sultanian31

with the calibration against the pipe flow data of Laufer,32

and the latter was proposed by Gibson and Launder33 to
account for the anisotropic turbulence due to wall and stream-
line curvature effects. The corresponding ASM predictions
hereafter are denoted as ASM-1 and ASM-2.

Profiles of the axial mean velocity predicted by the k-s
model and by the two ASMs are compared with LDV
measurements8 at eight typical cross sections in Fig. 6. In the
dome region, where X = 30 and 45 mm, the ASM-2 predic-
tions are better than those obtained by the ASM-1 and k-s
model. Downstream of the ram air jet, i.e., the region with

200 300
X (MM )

Fig. 5 Predictions in an SDR combustor, nonreacting flow case: a)
streamline pattern, b) pressure field, c) mixture-fraction field, d) tem-
perature field, and e) density field.

» measurements
----- k — £ model
-•— ASM-1
- ASM-2

m
30 45 60

Fig. 6 Axial-velocity profiles measured8 and calculated by different
turbulence models, nonreacting flow case.
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the upper-wall recirculation zone, the ASM-1 predicts as well
as the ASM-2, but the k-e model is less satisfactory. As for
the region further downstream, i.e., the redeveloping region,
all three models are equally satisfactory. As noted previously,
the ASM-1 yields poor predictions in the dome region due to
the existence of strong pressure variations that deviate greatly
from the pipe flow characteristics. By the same token, better
predictions by the ASM-1 after the dome region are caused
by gradual exhibition of the pipe-flow characteristics in the
flow. In general, the k-e model cannot produce satisfactory
results for any region except the redeveloping region. Also,
it appears that ASM-2, i.e., the ASM with Gibson and Laun-
der's model constants, seems to be a more adequate turbu-
lence model for calculation of the SDR combustor flow.

Enhancement of Predictions — Compressible Turbulence Effects
In addition to the use of the clipped Gaussian PDF, the

effects of compressible turbulence on modeling are considered
here. Studies of compressible turbulence34"36 are reviewed
first. In contrast to the common use of the ratio of rms fluc-
tuating density and mean density, the turbulent Mach number
was considered to be an indicator by Erlebacher et al.,34 Sar-
kar et al. ,35 and Sarkar36 for the contribution of fluid dilatation
to turbulence. Erlebacher et al. ,34 studying the low-speed flow
(Mach number < 0.3) by means of the asymptotic theory,
showed that divergence of an initially incompressible velocity
field grows rapidly on a nondimensional time scale of the
order of the turbulent Mach number. Formulas were derived
that accurately predict the level of compressibility after the
initial transients have disappeared. Additionally, direct nu-
merical simulation (DNS) for isotropic turbulence that veri-
fied the results from asymptotic theory was performed. Sarkar
et al.35 found that an equipartition exists between the tur-
bulent kinetic and the potential components of the compress-
ible energy for the low Mach number flow. DNS was also
performed for isotropic turbulence, and results revealed that
the above description holds for turbulent Mach numbers rang-
ing from 0.01 to 0.5; i.e., it holds for both the low Mach
number and the moderate Mach number flows. Based on the
equipartition between the turbulent kinetic and the potential
components of the compressible energy, a modification of the
transport equation of turbulent kinetic energy (which includes
the effects of compressible dissipation and pressure dilatation)
was proposed by Sarkar et al.35 One of the major concerns
in predicting the SDR flow lies in the dome region, where
the high-speed fuel gas interacts strongly with the side-inlet
airstream and induces complicated flow phenomena and high-
turbulent fluctuations. In this region, the high-speed fuel jet
mixes violently with air; the flame is also anchored here. The
turbulent Mach number is expected to be high in this region
and in regions of violent combustion. The proposed modifi-
cation by Sarkar et al.35 is adopted in this study to account
for the effect of compressible turbulence in the present SDR
flows. An extra term is added to the transport equation of
turbulent kinetic energy:

V-(pUk) -

where

k) = Gk- CDpe

M, - \/2k/d

(15)

(16)

Note that the symbol a denotes the local speed of sound, and
1 is the value of the model constant a.

Calculations with the modification in the k-s model and the
ASM-2 are performed, respectively. Predictions of mean axial
velocities are shown in Fig. 7. Here, one notes obvious and
significant improvement of the revised k-s model over the
standard one. Note also the proposed value 1 by Sarkar et
al.35 for the model constant a is based on the DNS for a
decaying isotropic flow. As for anisotropic turbulence mod-

• measurements8

— _ _ > _ — k — e model
_._._._ revised k-e model
—————— revised ASM-2

30 45 60 90 105 120 180 300
(mm)

Fig. 7 Predicted axial-velocity profiles with revision of compressi-
bility effect in turbulent models, nonreacting flow case.

• measurements8

— ------ 40 x 40 grids
—._._._ 60 x 60 grids
—————— 80 x 80 grids

30 45 60
./51L

90 105 120 180 300
(mm)

Fig. 8 Grid number effects on predicted axial-velocity profiles, non-
reacting flow case.

eling, it appears that results of the revised ASM-2 are superior
to those of the revised k-e model in the dome region, but the
improvement is not as significant for the entire flow field.
From Figs. 6 and 7, it also appears that both the non-revised
ASM-2 and the revised ASM-2 yield almost the same pre-
dictions. Based on the suggestion of Sarkar,36 another optimal
value 0.5 for a based on DNS of homogeneous shear flow, it
appears that the constant a is subject to optimization. The
applicability of the modification in the low turbulent Mach
number regions for the present SDR flow can be validated
by noting the results presented in Fig. 7. In the downstream
low-turbulent Mach number regions in Fig. 7, the results with
the inclusion of modification in the model still present satis-
factory predictions. The turbulent Mach number distribution
in the combustor flowfield also examined (not shown in the
figure) found regions of substantial turbulent Mach number
(i.e., higher than 0.3).

So far, calculations are based on a 40 x 40 grid system.
To assess the grid-number effects, the 60 x 60 and 80 x 80
grid systems are used to justify the previous results. Results
of calculations with the ASM-2, including compressible tur-
bulence modification, are shown in Fig. 8. In general, results
with the 60 x 60 and 80 x 80 grid systems are almost identical
in trend to those with the 40 x 40 system. No significant
improvement can be found as the grid number is increased
from 40 x 40. Thus, the 40 x 40 grid system is considered
adequate for the present cases.

Turbulent Reacting Flow in an SDR Combustor
The same SDR combustor configuration is adopted for fur-

ther consideration of the turbulent reacting flows. In the ex-
periments,8 propane gas was used instead of the solid pro-
pellant because its combustion behavior is more similar to
that of the actual SDR propellant, which is easy to handle in
simulation experiments. In the computer simulation, fuel-rich
propane gas used in experiments is replaced by the mixture
of propane and nitrogen, with the same mass fraction of pro-
pane, because the combustion model used here cannot allow
the coexistence of fuel and oxidant. For the calculation of this
reacting flow case, uniform flow conditions at the fuel injector
are assumed to be UF = 569 m/s, VF = 0, PF = 7 atm, 7>
= 1021 K, / - l ,g - 0, Y f F = 0.294,JKin F = 0.706, TV
- (3 + 0.3)fcF, v2v2 - (5 -'0.18)fcF, v-V3 - (I - 0.12)A>,
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and v ' v 2 = 0.33/cF. Uniform flow conditions at the ram air
inlet are assumed to be UA = 92.73 cos 45 deg m/s, VA_ =
-92.73 cos 45 deg m/s, PA = 5.84 atm, TA = 535 K, / =
0, g = 0, Yl}A = 0.233, Yin A = 0.767, v ' v 1 = (3 + 0.3)^,
vV = (5 - O.IS^FV = 0 - 0.12)^4, and 1̂ 1̂  = 0.33^.
The ASM, including the modification35 for the compressible
turbulence effects, is used with the model constants proposed
by Gibson and Launder.33 The clipped Gaussian PDF is also
used to solve the temperature and the density distributions.

Calculations based on a 40 x 40 Cartesian grid system are
performed first. Based on the predicted results, a 40 x 40
curvilinear streamline grid system is generated. Calculation
is implemented again, based on this streamline grid system.
The prediction based on streamline grids is given, and some
comparison is made between the use of streamline grids and
Cartesian grids for the flowfields.

Predictions of Mach number and pressure fields in an SDR
combustor with chemical reaction involved are shown in Figs.
9a and 9b. A violent expansion is observed in the immediate
downstream region of the sonic fuel injector. The expansion
process proceeds and is accomplished before X = 80 mm.
Rapid variations of flow properties also occur in the central
recirculation zone. Pressure is almost uniform in the corner
of the dome region and immediate downstream of the ram
air slot. Behind the dome region, the Mach number field is
generally less than 0.2 and is almost uniform throughout the
combustion chamber.

For comparison, the predicted flow pattern based on the
Cartesian grid system is given in Fig. lOa, and the streamline
grid system and predicted flow pattern based on the streamline
grid system is shown in Figs. lOb and lOc. As illustrated in
Fig. lOb, transverse grid lines are generally aligned with flow
directions. Due to the chemical reaction involved, part of the
airstream is entrained toward the upstream fuel injector and
mixed with the fuel stream (see Fig. lOa or lOc). The corner

recirculation zone in the dome region is much weaker than
that in the previous nonreacting flow case. Also, both the
centerline recirculation zone and the upper-wall recirculation
zone are much smaller than that in the cold flow case. As for
the effects of grid adaption, observation of the evolution of
ram air jets shown in Figs. lOa and lOc show that streamline
grids give a steeper and deeper penetration prediction than
do Cartesian grids. It is believed that a good alignment of
grid lines with flow directions can help to reduce numerical
diffusion errors. Less numerical diffusion error results in less
smearing of the ram air jet and the recirculation strength.
Figure lla shows the predicted mean value of the mixture
fraction using the Cartesian grid system, and both the pre-
dicted contours of mean and variance of the mixture fraction,
based on the streamline grid system, are shown in Figs, lib
and lie. It is noted that the contour/ = 0.18, corresponding
to the stoichiometric value, represents the mean location of
the flame sheet. In observing the locations of the contour /
= 0.18 in Figs, lla and lib, one notes that the flame sheet
distribution is curved steeply in the dome region, behind which
the flame sheet almost follows the developing trajectory of
the ram air jet. The severe fluctuations of the mixture fraction
are mainly caused by the expansion process of the ram air
injection and the impingement of ram air and the fuel streams
(see Fig. lie). As for the effect of grid adaption, Fig. lib
shows that the streamline grid system gives a prediction of
flame sheet distribution with a steeper skewness in the dome
region than does the Cartesian grid system (see Fig. lOa).
The streamline grid system presents that the developing flame
sheet will extend to the outlet of the combustion chamber;
however, Cartesian grid system predicted that it will attach
to the upper wall. Thus, proper application of the curvilinear
streamline grid system in the calculation to reduce numerical
diffusion error is of vital importance to the prediction of tur-
bulent reacting SDR flow properties. The mean isotherms of

a)

Fig. 9 Predictions of Mach number and pressure in an SDR com-
bustor, reacting flow case: a) Mach number and b) pressure field.

Fig. 10 Predictions of a streamline pattern in an SDR combustor and
grid system used, reacting flow case: a) streamline pattern predicted
by using the Cartesian grid system, b) streamline grid system generated
by data of a), and c) streamline pattern predicted by using streamline
grid system.
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Fig. 11 Predictions of mixture fraction in an SDR combustor, re-
acting flow case: a) mean value predicted by use of Cartesian grid
system, b) mean value, and c) intensity of fluctuation predicted by use
of streamline grid system.

200 300

X ( MM )

Fig. 12 Temperature distribution in an SDR combustor, reacting
flow case.

this reacting fiowfield are shown in Fig. 12. The maximum
temperature gradient is found near the region across from the
flame sheet, and the maximum temperature occurs near the
skewed flame sheet in the dome region. The higher-temper-
ature region is predicted to be located at the fuel-rich side of
the flame sheet.

Summary and Conclusions
Computations of turbulent reacting flows are achieved in

the general curvilinear coordinate system with the k-e and
algebraic stress turbulence models. Presumed forms of clipped
Gaussian PDF are adopted to include the effect of fluid-prop-
erty fluctuations. A streamline grid system is generated to
perform the calculation of turbulent reacting flow in the SDR
main combustor. A comparison of predictions using the Carte-
sian grid and those using streamline grid systems is made, and
the importance and superiority of the streamline grid systems
is delineated. The ASM with model constants proposed by
Gibson and Launder, incorporated with compressible tur-
bulence modification on the turbulent-kinetic-energy equa-
tion, is found to be more suitable for calculation of compli-
cated SDR flows.
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